On the Two-Body Running Fix Kenneth Gibson
If an observer can determine the altitudes of two bodies simultaneously, he can place himself at one of two positions on the Earth's surface. This fact has been the basis for several proposed methods for obtaining a fix without reference to a DR or assumed position, the latest of which is due to Chiesa and Chiesa. 1 Chiesa and Chiesa's procedure is straightforward and elegant if the sights are simultaneous, or if the sights are not simultaneous but the observer is stationary, but there seems to be a need for a simple method of extending it to cover a running fix. Chiesa and Chiesa themselves proposed transferring the geographical position of the first body before calculating the fix. Williams 2 questioned the accuracy of transferring the geographical position and, instead, solved the problem by transferring the first position circle pointwise; his method is sufficiently complex to require a computer, as he himself notes. Metcalf 3 presented exact equations for transferring the geographical position of a body and its associated circles of altitude; however, application of Metcalf's equations assumes prior knowledge of the observer's position. Brown's approach 4 was to move the observer's DR on to the first position circle before using it to advance the geographical position of the first body. Based on his experience with Chiesa and Chiesa's method, Pepperday 5 argued that knowledge of a good DR position can be put to better use as part of a conventional running fix using position lines deduced by the Marcq St Hilaire or the modified Sumner method. Apparently, all users and advocates of Chiesa and Chiesa's method consider that the calculations involved are complex enough to require a computer. 1 " 6 Here, I present a simple solution for the two-body running fix without DR, which is accurate whenever the usual simplifying assumptions of the Marcq St. Hilaire method apply : namely, that the position lines are locally straight (equivalently, the azimuths are effectively independent of position) and the surface of the Earth is locally flat. The solution lends itself to an easy graphical construction, which will be described first. Subsequently, I show how to obtain the same solution with a hand calculator, and indicate how to find the position using Ageton's method of sight reduction and a timesight table or formula. Each of the two non-simultaneous sights gives rise to a position circle; the observer must be on the first position circle at the time of the first sight and on the second circle at the time of the second sight. If the observer were stationary he would be at one of the two points of intersection of the two circles. The correct choice can be made by reference to a DR position, even a very bad one, or by other means ; 5 the chosen point of intersection is a putative ' stationary fix'. The problem then becomes one of finding a point on the first position circle and another point on the second position circle, both of which are near the stationary fix, such that the two points can be connected by a segment of a rhumbline of length equal to the distance made good between sights and direction equal to the course made good. The exact mathematical solution to this problem was presented by Williams, 2 in the form of two simultaneous nonlinear equations whose solution is the latitude and longitude of the running fix. Williams' equations, which need to be solved iteratively with a computer, must be used when the simplifying assumptions referred to above are not valid (for instance, a large observed altitude or a very long run between sights). There is then no need to calculate the stationary fix, except possibly as a starting point for the iterative solution of the equations. However, when the simplifying assumptions are applicable, the problem becomes one involving straight lines in a plane. The graphical solution of this simplified problem is as follows. (4) From S, draw a line in the direction opposite to the course made good between sights, and of a length equal to the distance made good, ending at the point X.
(j) From X, draw a line parallel to the second position line to meet the first position line at the point E.
(6) Complete the parallelogram by drawing a line from E parallel to XS, to meet the second position line at the point F.
The observer was on the first position line at the time of the first sight and on the second position line at the time of the second sight. In between, he moved along a course parallel to EF through a distance equal to the length of EF. He therefore took the first sight at E and the second sight at F, which is the running fix.
The amount of plotting demanded by this procedure is about the same as is required for a running fix drawn from DR or assumed positions. However, only one distance needs to be laid off. Errors in the final position are therefore almost entirely due to errors in plotting course and position lines, and lines parallel to them.
The stationary fix can be found with a hand calculator by applying the cosine formula five times in succession 4 (this formula is preferred because all intermediate quantities lie between o° and 18o°, and the arc cosine function on a calculator delivers an angle in this range). The azimuths can be found in this way also. To obtain the running fix with a hand calculator, first calculate the stationary fix and the azimuths.
Let <j> and A be the latitude and longitude of the stationary fix, let Z, and Z 2 be the azimuths of the first and second bodies, and let C and A be the course and distance made good between sights. The following calculations locate the running fix. 
<p' = (p + dcosB,

A' = A -dsinB/cos(<j> + ^dcosB).
If o° s£ C < A or A* < C < 360 0 , set
(j)' = (p -dcosB,
A' = A + d sinB/cos^-jc/cosB), (j)' and A' are the latitude and longitude of the running fix.
Step (7) calculates the length of the segment SF in Figure 1 by applying the sine formula for plane triangles to the triangle SEF. The formulae in step (10) If no computer or calculator is available, the stationary fix can be found with two applications of Ageton's method and one application of a time-sight table or formula. ' Navigational triangles' must be solved twice for ' altitude' and ' azimuth' and once for ' meridian angle'. Figure 2 illustrates two of the possible spatial arrangements between the elevated pole (P), the observer's position (O), and the geographical positions of the first and second bodies (U and V). At each step, three of these four points are labelled 'pole', 'star' and 'DR', and the appropriate 'navigational triangle' is solved. First, in the triangle PUV label P 'pole', U 'star', and V 'DR'. To solve by Ageton's method, set ' latitude' equal to the declination of the second body, ' declination' equal to the declination of the first body, and ' meridian angle' equal to the difference between the GHAS of the two bodies. ' Altitude ' is then equal to 90 0 -D, where D is the orthodromic distance between the two bodies (the notation is that of Chiesa and Chiesa 1 ). ' Azimuth' is equal to the angle PVU, or R in Chiesa and Chiesa's notation. Next, in the triangle OUV label V 'pole', U 'star', O 'DR'. To solve by time-sight, set 'latitude' equal to the observed altitude of the second body, ' declination' equal to 90 0 -D, and ' altitude' equal to the observed altitude of the first body. ' Meridian angle ' is then equal to the angle OVU, or a in the notation of Chiesa and Chiesa. An observation of the approximate azimuth of the second body 5 will allow a choice between R, = R ~ a. and Rj = R + a; the chosen angle is needed in the final application of Ageton's method to the triangle OPV. For this step, label V 'pole', O 'star', and P 'DR'. Set 'latitude' equal to the declination of the second body, ' declination' equal to the observed altitude of the second body, and ' meridian angle ' equal to the chosen angle R, or R 2 . ' Altitude ' is then the latitude of the stationary fix, and 'azimuth' is the meridian angle of the second body
measured from the stationary fix. The longitude of the stationary fix can be found from this meridian angle and the GHA of the second body. Once the stationary fix is known, the running fix can be found graphically. Obtaining a two-body stationary or running fix in this way requires somewhat more arithmetic than is needed for a running fix using DR. positions. The difference is the second step, involving the solution of a time-sight navigational triangle. Tables for solving time-sights are hard to find nowadays, and it would usually be necessary to grind through an oldfashioned calculation with five-figure logarithms. The purpose of the last paragraph is to point out that it can be done if the need arises.
Example. On June 3, 1989, a small-boat navigator took two sets of five sights of the Sun, averaging each set in order to obtain a running fix. Course and distance made good between the two sets of sights were 049 0 , 17-5 miles. After averaging, data for sight reduction were as shown in Table 1 
